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Abstract 

The conformal structure of second order in m-dimensions together with the so-called 
(normal) conformal Cartan connection, is considered as a framework for gauge theories. The 
dressing field scheme presented in a previous work amounts to a decoupling of both the 
inversion and the Lorentz symmetries such that the residual gauge symmetry is the Weyl 
symmetry. On the one hand, it provides straightforwardly the Riemannian parametrization 
of the normal conformal Cartan connection and its curvature. On the other hand, it also 
provides the finite transformation laws under the Weyl rescaling of the various geometric 
objects involved. Subsequently, the dressing field method is shown to fit the BRS differential 
algebra treatment of infinitesimal gauge symmetry. The dressed ghost field encoding the 
residual Weyl symmetry is presented. The related so-called algebraic connection supplies 
relevant combinations found in the literature in the algebraic study of the Weyl anomaly. 
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1 Introduction 

The use of Cartan geometry in physics is ideally suited for the formulation of space-time trans¬ 
formations as gauge theories as well as for the study of geodesics, see for instance [1, 2]. General 
Relativity (GR) can be incorporated into the scheme of gauge theories under its Einstein-Gartan 
formulation [3, 4], see also [5] and references therein. Relatively recent work [6, 7, 8] shows a 
renewed interest in the use of Gartan connections for gravity theories. 

In particular, conformal gravity is based on the conformal group, which contains the Poincare 
group, the Weyl symmetries (rescaling of a metric) and the special conformal transformations 
(inversions). Since the latter cannot be globally defined, gauging the inversions as local trans¬ 
formations is recommended. The mathematics of the second order conformal structure is well 
understood, see for instance [9, 10, 11, 12, 13, 14], and, as a framework for gauge theories, it 
deserves to be studied for itself [15, 16, 17]. 

Regarding gauge symmetries in field theories, in [18, 19] was described a systematic procedure 
to reduce gauge symmetries. The advocated scheme turns out to be a redefinition of the fields 
variables contained in the gauge theory at hand. It is grounded on the identification, among the 
fields of the theory, of what we called a dressing field. 

The current paper can be considered as a continuation of [18] since we provide a new example 
of such a reduction of symmetries. We consider the second order conformal structure as a 
framework for gravity gauge theories. Using the dressing field method, we locally reduce the 
second order conformal structure to its Weyl subbundle. Then, we show that the dressing field 
method is compatible with the usual Becchi-Rouet-Stora (BRS) machinery developed for Yang- 
Mills theories [20, 21]. This leads to the introduction of a eomposite ghost which handles the 
infinitesimal residual gauge freedom of the initial symmetry if any, and which enters into a 
“Russian formula” for the dressed connection. 

The paper is organized as follows. In section 2, the geometrical framework underlying the 
dressing field method is briefly recalled. 

Then, in section 3, the dressing of a conformal Gartan connection is performed in two steps 
with suitable dressing fields. For the normal conformal Cartan connection, we end with its so- 
called “Riemannian parametrization”, which straightforwardly provides known geometric objects 
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relevant in conformal geometry [9]. Composition of dressing is shown to conspire in order to 
erase both the special conformal transformations (inversions) and the Lorentz SO{l,m — 1)- 
gauge symmetry. The remaining symmetry turns out to be given by the simple abelian group 
W ~ M_|_\{0} of Weyl rescalings. This step by step reduction rests on the fact that the two needed 
dressing fields satisfy some compatibility conditions and can ultimately be merged together. 

Section 4 investigates at the infinitesimal level the compatibility between the dressing field 
method and the elegant and efficient language of the BRS differential algebra [21, 22, 23]. A 
detailed account of the various modified BRS algebras coming out from the dressing scheme is 
given. Two examples illustrate this point. The first one concerns GR. The second one is the 
BRS treatment (linearized version) of the finite procedure presented in the first part of the paper 
concerning the second order conformal structure. 

Section 5 gathers some concluding remarks. 


2 The dressing field method in a nutshell 

In this section, the main idea of the dressing scheme is introduced in a geometrical setting. To 
start with the basics, it is recalled that, the usual geometrical framework for dealing with Yang- 
Mills theories is that of a principal bundle V = 'P{M, H) over a space-time A4, with structure 
group H. Let us denote by t) its Lie algebra. Let uj G (f) be a connection 1-form on V and 

n G f)) its curvature; let T denote a section of an associated bundle constructed out of a 

representation {V, p) of H. 

Through a local trivializing section a : U C Ai ^ V, one gets the usual Yang-Mills gauge 
potential A := a*uj, the field strength F := and the matter field ijj := ct *'!'. The local 
formulation on space-time will be understood with respect to the open set U throughout the 
paper. 

To characterize the geometry of gauge fields, one has to specify the action of the (local) 
gauge group on each space of fields. The latter is defined by 

n = {-/ :U C M ^ H}, 

with the group law inherited from H. The space 7i can also be considered as a space of gauge 
fields for the following action of 72 G (as a group) on 7 ^^ G (as a space of fields): 

:= 72"Si72> (1) 

which is compatible with the group law in H. 

The field space A of Yang-Mills potentials carries the usual action of the gauge group T-L: 
A 1 -^ A^ := 7 “^A 7 -|- 'y~^d'y, and accordingly, F 1 — F'^ := One has ■)/; 1 —>■ ■0'*' := 

for matter fields. 

In the following, we consider new fields composed of “elementary” fields. For instance, 
taking A G M and 71 G (as a space of fields), one constructs the “composed field” AT := 
yf^Ayj^ -|- 7 j”^(i 7 ^. An induced action of the gauge group % is naturally defined by taking the 
gauge group action on each of the elementary fields. As an illustration, for A'^i and for 72 G ^ 
(as a group) one has 

(AT)T ;= (AT)T^2 ^ ('^72)72'Si72 

= (7^Si72)“^(^^")(7^Si 72) + (7^Si72)“^t^(72“Si72) 

= (7i72)"^^(7i72) + = A(T72) ^ (2) 

where A(T 72 ) identifies with the action of 7 i 72 G % (as a group) on A G A. Notice that this case 
is quite degenerate since AT G A and accordingly (AT)T = 72~^(AT)72 -|- — A^'^F2) , 

More subtle situations will be encoutered in the following. 
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The dressing field method involves identifying, in a local trivialization of V, a local dressing 
field in V = {u : U ^ G'} where G' is a target Lie group. This target group G' has to be 
chosen compatible with H and % and their representations. In particular, one requires that 
there exists a subgroup H' H such that V supports the following action of the subgroup 
n' := {i :U^ H'} C n-. 

:= 7 u. 

Contrary to (1) this action is not compatible with the natural group law in G'. The clear 
distinction between and V as H'-gauge field spaces, is crucial, and should be kept in mind. 

Another requirement on G' is the possibility to define, starting from the gauge fields A, F, ip, 
and u, the following composite fields: 

A:=A^ = u-^Au + u-^du, F := = u-^Fu, and ^ (3) 

It can be checked that F = dA + ^[A, A]. These composite fields are readily seen to be Ti'-gange 
invariant ([18, Main Lemma]). 

At this stage, two possibilities are in order. First, if iL' = iL the above composite fields 
are T-L-gauge invariant; the whole symmetry T-L has thus been erased. Second, if H' F f{^ then 
the composite field might display a residual gauge freedom; only the symmetry subgroup T-L' 
has been neutralized. In either case, one can check indeed that, for instance (similarly to (2)) 

{A^fi' := = A“, for any i eW F %. 

This construction turns out to be a geometrical root of the notion of “Dirac variables” [24, 25] 
and its generalization to non-abelian gauge field theories. As shown in [18] the method applies 
to the electroweak sector of the Standard Model (see also [26]) and to the Einstein-Cartan 
formulation of GR. In both cases it provided an interpretive shift with respect to the usual 
viewpoint. In [27] we showed how the method ought to be at the root of the so-called “Chen 
& al. trick” which has been sparking much work and reviving controversies on the nucleon spin 
decomposition issue. 

3 Composing dressing fields 

3.1 The second order conformal strnctnre 

We refer to [14] for a detailed description of the Mobius geometry and its associated Cartan 
geometry. See also [10, 9] for a formulation in terms of higher order frame bundles. Notice 
that it is of prior importance to have a link between the second order conformal structure and 
a matrix representation. In the latter, one gains a direct contact with the usual formulation 
of a Yang-Mills gauge theory. Also, the matrix formulation allows easier calculations. We just 
provide the basic material necessary to our construction. 

Let A4 be a m-dimensional smooth manifold (m > 3). Let GO{Ai) be the principal bundle 
of orthonomal frames with respect to the Minkowski tj metric of signature (l,m — 1)^ with 
structure group 

Ko ~ CO(l, m - 1) = (M G GL^(M); M'^pM = zGW} = 50(1, m - 1) x W 

where W = M_|_\{0} is the group of Weyl rescaling. The Lie algebra of Kq is 

lo := co(l, m — 1) = (u G 0 l^(M); v^rj F rjv = elm, e G M} = o(l, m — 1) © M. 

The principal bundle GO{M.) is a reduction of GL{M) the principal bundle of linear frames over 
A4. This is a first order G-structure which can be prolongated to a second order G-structure [10]. 
The latter is easier recast in the the following setting. 

^One could have worked with an arbitrary signature {p,q), see e.g. [2]. 
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The Klein model geometry is the pair of Lie groups {G,H) where G = 0{2,m)/{±Im+2} 
with 
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0 
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1-1 
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It is the isometry group of the de Sitter space dS"^ defined as the quadric S(a;, x) = 0 in 
H is the isotropy group of the point (1,0,... ,0) such that dS"^ ~ G/H and has the following 
factorized matrix representation 


H = KoK^ = 



ze\N, S e SO{l,m- 1), re 


where * stands for the ? 7 -transposition, namely for the row vector r one has r* = (where 

^ is the usual matrix transposition) and M™'* is the dual of M™. Notice that Ki is an abelian 
subgroup of H. It can be shown that H ~ 6*0(1, m — 1) k M™-*. 

The infinitesimal Klein pair is (0,1)), where both are graded Lie algebras [10]. They can 
respectively be decomposed according to 0 = 0 -i 00 o® 0 i — M™'©co(l,m — 1 )®M™'*, a splitting 
which gives the different symmetry sectors: translations + (Lorentz x Weyl) + inversions, and 
f) = 00 ® 01 — co(l,m — 1) ® W^*. The quotient space is just 0 /f) =: 0 _i ~ M™'. In matrix 
notation we have, 


0 = 


(i;-el)eco(l,m-l), tGM™, 


3 I) = 00® 01 





with the ? 7 -transposition r* = (lyr)^ of the column vector r. The graded structure of the Lie 
algebras, [0j,0j] ® 0j+j, i,j = 0, ±1 with the abelian Lie subalgebras [ 0 _i, 0 _i] = 0 = [0i,0i], is 
automatically handled by the matrix commutator. 

The second order conformal structure modelled on this Klein pair is a principal bundle, 
with structure group H, together with a (local) Cartan connection vu G II^(Z^, 0 ) 
with curvature H = dzu + -uP' € Q^(ld,g). Accordingly, in matrix representation, the Cartan 
connection is parametrized by the matrix of 1 -forms 

( a a 0 \ 

d A a* , 

0 P -a) 


where 9 is the soldering (or vielbein) 1 -form which gives an isomorphism between each tangent 
space TxM and 0 _i ~ M™; while the curvature is given by 

// n 0 \ / da + a9 da + a{A — al) 

LI = 0 F nM := + (A - al)e dA + A^ + eaF 

\o 0* -/; \ 0 de^ + e\A + ai) 

where the wedge product of forms is tacitly assumed. 

The normal conformal Cartan connection is the unique w (up to "H-gauge transformations) 
whose curvature is constrained by the two conditions [9, 10, 14] 

i) 0 = 0, (torsion-free geometry), ii) Ric(F) = = 0, (Ricci-null condition), (4) 


0 \ 

da* + (A + al)a* , 
—da + 9^a^ J 
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where the Einstein summation convention is understood and will be used throughout the paper. 
Combination of the latter with g_i-sector of the Bianchi identity dil. + [zu, 17] = 0 yields the 
traceless condition / = 0 . 

An element 7 of the gauge group can be factorized as 

[ 70 G /Co ;= {7 : Kq}, 

7 = 7 o 7 i :U ^ H = KqKi, with < 

1 71 G /Cl ;= {7 : Ki}. 


Accordingly, with respect to /Co, the gauge transformations of the Cartan connection are, 
= 7-1^70 + 70" ^^70 


jai° 

a^° 

0 \ 

(a + z ^dz 


0 \ 


A70 

II 

0 

S-^Oz 

S-^AS + S-^dS 

S-^ah-^ 

VO 

(5)70)* 

1 

0 

V 0 

zO^S 

—a -|- zdz~^ j 


( 5 ) 


and with respect to /Ci, 


iT'l 


a 


71 


= 7i + 7i ^d'yi =: 


0 ( 0 ^ 1 )* -a 


71 


— rd ar — rOr + a — rA + + dr 


e 

0 


Or + A — r^O^ 
0^ 


0 

9^r 

Qtrt _ 


O^rr^ + Ar* — r* 0 *r* + a* + r^a + dr* 


( 6 ) 


The principal bundle 'P{Ai, H) is a second order G-structure, a reduction of the second order 
frame bundle L^Ai; it is thus a “2-stage bundle”. The bundle V{Ai, H) over Ai can also be seen 
as a principal bundle Vi ;= V{Vo,Ki) with structure group Ki over Vq := T’{Ai, Kq), see [10]. 
The whole structure group H = Kq Ki ~ CO{l, m — 1) k W^* is of dimension 1 -|- -|- m. 

As shown in the next section, the symmetry group H can be reduced to the 1-dimensional 
Weyl group W through the dressing field method. 


3.2 The need for two dressing fields 

The second order bundle geometry Vi ^ Vo ^ Ai suggests that the structure group Ki should 
be neutralized first, in order to reach the principal bundle Vw := V{Ai,'A). 

First reduction. In order to neutralize Ki (inversions) and so to ‘reduce’ H = Kq Ki to the 
Kq factor, we seek a dressing field, that is a local map, see [19], 

ui : U ^ Ki such that ul^ = 7]“^tti, for any 7^^ G /Ci, 

whose matrix expression is 

/1 q igg*\ 
ui = 0 1 g* , 

VO 0 W 

where q :U ^ M™* is a covector field. 

Such a dressing field can be extracted from a ‘gauge-fixing-like’ constraint, = 0; 

imposed on the dressed Cartan connection zu^. The vanishing of the (1, l)-component (thus 
(3,3) as well) of zu^^ is taken to be such a constraint. On account of ( 6 ), it explicitly reads 

X(ru“i) ; =a-q0 = 0. 
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Solving the constraint for q leads to 


a - q0 = a - qaO'^ = af_,dxf^ - qae "'= 0 ^ qa = af_,{e 

or in index free notation q = a-e~^, where means greek index summation and will be used 
throughout the paper. In the latter, some care should be taken, bearing in mind that a is a 
covector, the scalar coefficients of the 1-form a. The distinction should be clear according to the 
context. Remark that the contraint yields a solution q which is local in the field theory sense, 
{i.e. a differential polynomial in the fields), contrary to the non local realisation of a dressing 
field as can be found in [24, 25]. 

Now, the /Ci-gauge transformation of the Cartan connection (6) gives us, 

= a — rO —)■ — VaC^'fi, or in index free notation = a — re, 

0"/^ = 0 —in index free notation = e. 

This implies q'^^ = = (a — re) • e~^ = a-e~^ — r = q — r. The other two entries of 

are computed to be = g* — r*, and ^{qq^ffi = \{qq^ + rr^) — rq^. 

The /Cl-transformations of ui is dictated by the /Ci-gauge transformations of the gauge 
potentials i.e. the entries of the Cartan connection matrix. It is thus remarkable that they 
precisely allow ui to be truly a dressing field, as can be seen in matrix notation, 

( 1 —r ^rr*\ /l q \qq^\ A q — r \{qq^ + rr^) — rq^\ 

0 1 —r* 0 1 9* = 0 1 qt — • (7) 

ooiyyooiyyoo i ) 

It is worthwhile to notice, on the contrary, that for 71,7i G /Ci, a simple matrix calculation 
shows that 71'*'^ := 7f^7i 71 = 7i, since Ki is abelian. 

Having now at our disposal the dressing field ui, we can proceed to the dressing of the Cartan 
connection, in accordance with (3). One readily computes 

wi : = = u^^wui + u^^dui 


A 


o\ 

fa — qO 

(a — q0)q + a — qA + \qq^0^ + dq 

0 \ 

r 


= 0 

+ 

1 

(entry (1,2)) 

A 

0* 

0/ 

\ 0 

0* 

— a ) 


where, by construction, ai = a — qO = Q. Likewise, for the dressed curvature, 

Hi ;= = u]"^Hui 

(h Hi 0\ ff-qO U-qF.+fq-^q^e^ 0 \ 

©1 Fi H]^ = 0 Qq + F — q^Q^ (entry (1,2))* . (9) 

\0 0*1 -fi] \ 0 0 * 0 V -/ / 

By construction, wi and Hi are /Ci-gauge invariant composite fields. This means in particular 
that the expression of voi is invariant, that is Ui = 0 = al^. It is worthwhile to notice that 

in [14] the condition a = 0 is considered as a gauge fixing, named “natural gauge” in [28], while 

it actually emerges through a dressing. 

Let us now study the behaviour of the composite field wi under Lorentz transformations, 
50(1, m — 1) C Kq, since any element 70 G /Cq is factorized as 

Ao o\/ioo\ 

70 = IR5 := 0 1 0 0 5 0, 

yo 0 z-^J yo 0 ly 
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where z G W and S G SO{l,m — 1) -with S'^rjS = rj- has been identified with its matrix-block 
representation. The action of the Weyl subgroup W is treated seperately in Appendix A. 

By its very construction, wf depends on the Lorentz gauge transformations of the Cartan 
connection w (set z = 1 in (5)) 

/ a aS 0 

= 5 " S-^AS + S-^dS S-^a^ 

y 0 e^S -a 

Since 9^ = S~^6 = e^-dx = S~^e-dx, we get = a-{e~^)S = qS, {q^Y = {qSY = 

S~^q^ and thus {qqY^ = qq^■ Hence, the transformed uf of ui under the Lorentz group relies 
on those of the Cartan connection entries. Once more, it is remarkable that in matrix notation 
it can be recast as 

A 0 0\ A (7 \qq^\ A 0 0\ A qS \qq^ \ 

uf = S-^uiS = 0 5-10 0 1 gM 0 5 0 = 0 1 5-^* . (10) 

yo 0 ly yo 0 i y yo o ly yo o i y 

The latter shows that the iLi-valued dressing field ui is subject to a Lorentz gauge-like trans¬ 
formation. Therefore, according to a calculation similar to (2), the composite fields wi and Oi 
are Lorentz gauge transformed as 



wf = S-^voiS + S-^dS, 0f = 5-i0i5. (11) 

This allows to conclude that the entries of wi and Oi are true 50-gauge fields. This means 
that Ai is the true Lorentz/spin connection with curvature Ri := dAi + Af. To sum up, wi 
and rii are iLi-invariant composite fields but still remain 50-gauge fields. 

Furthermore, if w is chosen to be the normal conformal Cartan connection (4), then zui 
satisfies similar normality conditions; 

01 = 0, Ric(Fi) = 0. (12) 

Indeed from (9) one has 0i = 0 = 0 and Ric(Fi) = Ric(0g + F — q^Q^) = Ric(F) = 0. 
Furthermore, the trace-free condition /i = / — qQ = 0 is obvious. We thus get 

/0ai0\ /OHiOX /O da^+aiAi 0 \ 

roi = 0 Ai aj ) fli = 0 H^ = 0 Ri -|- 6ai -|- a\6^ da\ -|- aj > 

yo A 0 y yo 0 0 y yo o o / 

where Ai is still the Lorentz/spin-connection, ai may be referred to as the Schouten 1-form 
(by solving in ai the equation Ric(Fi) = 0), Ri is the Riemann curvature 2-form, Fi may be 
called the Weyl curvature 2-form, and finally. Hi may be named the Cotton 2-form, that is the 
covariant differential of the Schouten 1-form with respect to the spin-connection Ai. 

The 50-gauge fields wi and Hi (normal or not) are associated with the first-order structure 
Vo := V{A4,Ko) = CO(A4), since SO C Kq. It then makes sense to ask whether the Lorentz 
gauge symmetry can be neutralized by finding an adequate second dressing field. This is indeed 
possible as shown in the following. 

Second reduction. We want to neutralize the Lorentz subgroup of Kq, leaving only the 
abelian Weyl subgroup as the final residual gauge symmetry. The suitable dressing field is 
extracted from , or zuf. Indeed, we have 6^ = 5“^^ which provides the transformation law 
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for the vielbein e € GLm(K), = S ^e. Hence, one may define the local map 


1 0 o\ 

0 e 0 , such that 

0 0 ly 

A 0 o\ A 0 o\ A 0 o\ A o o\ 

= 5-Ao ^ 0 0 = 0 ® h ® ° " ° ° 

yo 0 ly yo o ly yo o ly yo o ly 

Note that such a field uq is valued in a larger group than the one to be erased, G' ~ GLm ^ 

SO = H'. Moreover, from see (6), one extracts 

= 0 = e, which implies Uq^ = uq. (14) 

Eqs (13) and (14) secure that wi can be dressed by uq. This gives rise to a new composite field 
which is inert under both the /Ci- and 50-actions: 

wq ;= = Uq^wiUq + UQ^duQ 

OP ^ \ I ^ 

dx r = e~^6 e~^Aie + e~^de e~^a\ , (15) 

0 dx'^-g 0 y y 0 Ae 0 y 



Uq :U ^ GLm+2(lK) ^ Pq) with matrix form, uq = 


where g is the metric on A4 induced by the Cartan connection through e^ge = g. In the last 
matrix equality, T := e~^Aie + e~^de and P ;= a^e are definitions, the other entries are directly 
obtained from the calculation. In great detail 


e ^9 = e ^e-dx = 6-dx = dx, 

I rri rri rri rri 

9 e = 9 ge = dx -e ge = dx -g, 
e Oi = e g ai = g -e = g -(“i^j 


T 


= g-^-P^- 


In components, wq thus reads 


/ 0 P^, 0 \ 

gP^Px^ dxfi 

y 0 g/Mu 0 y 


(16) 


Actually, the transformation under coordinate changes of wq , in part due to uq , allows to identify 
r as a linear connection 1-form. It turns out that zuq is parametrized by geometric objects on 
A4. The curvature associated to wq is the following /Ci- and 50-invariant composite field 


/ fl 

Hie 

° 1 

h 

C 

0 \ 

Ho ;= = Uq ^Hirto = e ^0 

e“^Pie 

e-^n* 

=: T 

w 

c* 

1 0 

0A 

-fl) 


pt 

-fo 


(17) 


Instead, by computing Qq = dzuQ + wq'^ directly, the above matrix explicitly reads 


fo 

c 

0 \ 

1P Adx 

dP + P A T 

0 \ 

T 

w 

c* = 

= T A dx 

P -|- dx A P -|- g~^-P^ A dx^-^r 

Vg-^ A P^ + g-^-C^ 

VO 

pt 

-fo 

1 » 

—dx^ A (Vg + T^-g) 

dx"’" A P^ 1 


(18) 


where P = dT -|- T^ is the curvature of the linear connection T on and Vg = dg — T"^g — gT 
is the covariant derivative of the metric with respect to the linear connection. The metricity 



condition S/g = 0 is automatically satisfied as can be checked due to the fact that Ai is so-valued. 
Expressing (18) in components reads 



0 \ 



CP^^ dxP A dx^ 


V 0 

— if0)11(7) 


/ 

^[^lPa],ly + 

" 1 



2 P^u,ficT + ^[fj,Pa],u P 9 ^ 9 cr\u 

+9^^^Cx,^ia 

dxP A dx^ 

V 0 

^[fl 9 cT]u T 9X11 

b 

1 



(19) 


Restricting ourselves to the normal case (4), provides the so-called Riemannian parametri- 
zation of the normal conformal Cartan connection [9]. The normality conditions on wq defined 
by: 


T = 0, Ric(lT) = 0. 

are fulfilled. Indeed, from both (17) and (19) one has 

T = e“^0i = 0, and Ric(VE) ;= Ric(e“^Fie) = Ric(e“^Fe) = Ric(F) = 0, (20) 

and hence fo = fi = P A dx = 0. 

Accordingly, T = 0 implies the symmetry of T in its lower indices, and it can be shown in the 
usual way that T can be expressed as a function of g in order to get the Levi-Civita connection on 
lA. In addition, the condition /o = 0 renders symmetric which is nothing but the so-called 
Schouten tensor, so that ^^Pau is the Cotton tensor and is the Weyl tensor. 

To sum up, in the normal case we have, 

“ 2(m-l)^^") ’ 

( 22 ) 

Formulae (21) and (22) are known as the Riemannian parametrization of the normal conformal 
Cartan connection. In full generality, without assuming the normality conditions, the compos¬ 
ite field given in (15) thus provides a more general parametrization of the conformal Cartan 
connection. 

The composite fields wq and Hq (normal or not) are now associated to the Weyl bundle Fw 
Remark that this step of reducing Pq, with structure group Kq = W x SO ~ CO{l,m — 1), to 
Fyv with abelian structure group W, is quite analogous to the case of the electroweak sector of 
the Standard Model where the initial bundle with structure group SU{2) x 1/(1) was reduced 
to a subbundle with abelian structure group t/(l); see [26, 18]. 

Two steps in one: the compatibility conditions. It is possible to go from {w, 12) to 

(ii7o,no) in a single step, because the dressing fields obey necessary compatibility conditions 
which are the last two equations in the following collected set 

Uq = equation (7) and (13) respectively. 

uf = S~^uiS, u]f = uq equation (10) and (14). 


(O Pf,, 0 \ 

Wo = ISP TPf,,, g^^Pxfi dx^, with PfMl/ - 

\ 0 9 ^, 1 ^ 0 / 

/o 0 \ 

I2o = 5 0 g^^Cx,^j,a dxP A dx"". 

yo 0 0 J 
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These imply, 


(ttiuo)^^ = uful^ = ^uiuo = 7i ^(ttiuo), 

(witto)’^ = uf Uq = S~^uiSS~^uq = S~^{uiUo), 

which show that the double dressing field uiuo is a dressing for the groups /Ci and SO respec¬ 
tively. The above two equations say more, since they imply (in full detail), 

= 7r^5’“Si7rH^i^o) = 7r^'S'"^(uino) = (57i)"^(uino), 

so that uiuo turns out to be a dressing field for the whole gauge subgroup SOK,i. 

To sum up, had we guessed the sole composite dressing field u ;= uiUo :U ^ Ki GLm+ 2 {^), 
we could have directly dressed the Cartan connection and its curvature in order to get at once 
the composite fields wq := and IIq constructed above. 

Since wq and Qq are associated to the Weyl bundle a residual Weyl gauge symmetry is 
expected to hold. The next section addresses this issue. 

3.3 The residual Weyl symmetry 

The goal of our analysis is to obtain the transformations of the final composite fields wq (eq.(15)) 
and rio (eq.(18)) under the residual Weyl symmetry. These residual transformations arise from 
the eomhined transformations under the Weyl group of the Cartan connection w and its curva¬ 
ture n on the one hand, and, of the two dressing fields, on the other hand. Indeed, one is led to 
define the Weyl transformation of the fields as 

;= and := (23) 

The Weyl transformation of the Cartan connection is, 

( a + z~^dz z~^a 0 \ 

z0 A a*z-^ , (24) 

0 zd^ -a + zdz~y 

from which we can see that 0^ = z0 e^ = ze. Turning this into a matrix notation, one has 

/l 0 o\ _ /ioo\/ioo\ /ioo\ 

:= 0 0 = Wuq ;= 0 z 0 0 e 0 = 0 ze 0 , (25) 

yooiy yooiyyooiy yooiy 

where W is thus another matrix representation of the Weyl group, adapted to the dressing field 
uq, different than the initial representation W. 

The Weyl tranformation of the dressing ui stems from (24): = a + z~^dz, where a is a 

1-form, so that in covector notation a^ = a + z~^dz =: a+ (, where a now stands for the scalar 
coefficients of the 1-form a := a-dx. Then, given ui ~ g := a-e“^, one computes 

qW ;= • (e-i)'^ = (a + C)-^"^e-i = z-\q + C-e-^), (26) 

likewise, (q^)^ = {q^Y- One readily verifies (qq^)^ = q^{q^Y- These transformation laws 
suggest that the abelian composition law in the subgroup Ki must enter into the game. Having 
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this point in mind, a rather tricky matrix expression for the transformed field uY is found out 

/I A z-^{q + C-e~^) + + 


< = 0 1 (q^y = 0 

VO 0 1 / \o 


z ^{q + C-e 1) 

1 

1 C-e~^ ^C-e~^{C-e~y\ 


= W-^uihW = W-^kiUiW :=W-^ui \0 1 (C-e"^)* 

lo 0 1 


which suggests to proceed as after (10) in order to get the Weyl transformations of the composite 
fields. 

Residual Weyl gauge symmetry of ijjo. In virtue of the definition (23), for the composite 
field wq we have, 

W _ z' W\^~^uikiWWuQ 

TUq — yZU J — yZU j 

_ ^uikiuoWW _ ^uiuqUq^ kiuoWW _ kiu^WW 

=: W-^wqW + W-^dW. 

where we have used the fact that [WW, uq] = 0 and defined the z-dependent matrix 

_ A < 

W := u^kmoWW = zS z-^g-^-C'^ • 

Vo 0 / 

A straightforward calculation yields 

/ 0 0 \ 

dx^ {g-^PY^ = 

V 0 {dx'^-g)^ 0 J 

/o p + vc-C-dxC + lc- 9 ~^<^dx^-g 0 \ 

\dx r + z~^dz5 + (dx — g~^-CYdx'^-g z~‘^g~^- (entry (1, 2))"^ • (28) 

V 0 dx'^-z‘^g 0 J 

Let us elaborate on this result. Entry (2, 1) gives dx^ = dx, which is the obvious invariance of 
the coordinate chart under a Weyl rescaling. Entry (3, 2) gives, 

(dx^ • g)^ = dx'^ ■ g^ = dx'^ ■ (z'^g), in components {g^,u)^ = z'^gf.u, (29) 

which is the Weyl rescaling of the metric tensor under the conformal factor Entry (2, 2) 
gives in components 


+ 6PCn + K (u - g^^ Cx gn^ 


with := z ^dfj,z. Entry (1, 2) gives in components, 


{Pn^) — P^i' + ^— Cn P ^ CaC^ 9^ 


with := g^°‘Ca ■ Entry (2, 3) gives in components, 
(nP^P. nP^ t P. -CV 


{g^^Px^y = z-^gP\Px^ + V^Ca - CaCm + I <7am CaC“), 
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which is redundant with (29) and (31) respectively. 

Remark: Equations (30) and (31) look like the familiar conformal transformations of the 

Christoffel symbols and of the Schouten tensor. Notice however that in this framework, the 
metricity condition Vg = Q being guaranteed, E reduce to the Levi-Civita connection in the 
normal case (T = 0) only. We will return to that specific case down below. However, the above 
calculations hold even without restricting ourselves to this assumption. We then obtain at once 
the Weyl variation of both the symmetric and anti-symmetric parts of E and P. Explicitly, 
decomposing E^^,y = and P^i, = P[nu] + then for the Christoffel symbols of 

the linear connection 

and Cm + C. - 9^^ Ca 5m-, (32) 

while for the coefficients of the 1-form P one gets 

(-P[m-]) =-P[m-] ~ CaE 

and {P{pu))^ = P{pu) + 9(mC) - CAr^(^^) - Cm + I CaC"^ 5m-, 

where d(pCu) = ^mC- from the very definition of C- The two equalities concerning the symmetric 
parts are nothing but the transformations of the Christoffel symbols and of the Schouten tensor 
under Weyl rescaling of the metrie. 

Thus, with (30) and (31), not only do we recover classical results in a much more effective 
way, but we have more; we do not need to assume a priori that E and P are functions of the 
metric g, as it is usually the case when one works with the Levi-Civita connection. It is pretty 
noticeable to find out these general Weyl transformations as a ‘top-down’ process. 


Residual Weyl gauge symmetry of fio- Similarly, for the composite field flo (eq.(18)), 
formula (23) gives 

__ (n^)^ ^uikiWWuQ _ kiuoWW _ 

CfW 0 A 

TW jyw (jtw ^ 

V 0 -f^j 

ffo-C-T c-c-w + ih-c-TX + kC-g-^-epT-g o \ 

T w + TC-g-PC^PPg z-VHentry(l,2))^ . (34) 

V 0 T^-zX iC-Tf-fo ) 

In components, entries (1, 1) and (3, 3) give 

(2P[^,,])'^ = 2P[^,,]-CaTV, (35) 

which just reproduces the first equation in (33) above, since = E^j^ „.]. 

Entry (2, 1) gives, 

(T^m-)^ = (36) 

which reproduces the first equation in (32). 

Entry (3, 2) is redundant with (36) and (29). Entry (2, 2) gives, 

{WP^pX = WP^p. + PP^^ Cu - 5^^Ca Pf.X9au (37) 

Entry (1, 2) leads to 

- Ca^T\,^, + Ca Ua + ^(CA5^“Ca)T^/5/3. - CaT\. C.- (38) 

At last, entry (2, 3) is redundant with (29) and (38). 
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Starting geometry 

Second order Degrees of freedom 

conformal structure 

Outcoming geometry 

Natural geometry Degrees of freedom 

(1) Variables 

w m(l -t -I- 2m) 

m(m+l) 

yfip 2 

P^iv 0 

(2) Symmetries 

{SO X W) K"** m(m-l) 

W = R+\{0} 1 

(3) Contraints 

0 = 0 m 

Ric(F)=0 

/ = 0 

Vff = 0 m 

T = 0 m 

Total degrees 
of freedom 

(1) - (2) - (3) 

m(m+l) 1 

2 ^ 

m(m+l) -| 

2 ^ 


Table 1; Counting the degrees of freedom of the normal conformal geometry before and after 
the dressing operation. Finally, remark that the normal geometry is the most natural one for 
its total degrees of freedom are those of a conformal class [s'] of the metric g. 


Residual Weyl gauge freedom of vjq and fio in the normal case. It is now straight¬ 
forward to specialize the above transformations to the case where the initial Cartan connection 
w is normal. The dressed normal conformal Cartan connection roo has been given in (21), with 
curvature (22). It is readily seen from the Weyl variation given in (34) that the normality 
of luo, as stated by (20), is preserved under the action of the Weyl gauge group. 

Formula (28) remains formally unchanged but F becomes the Levi-Civita connection and P 
is the Schouten tensor, while the Weyl variation of the curvature (34) reduces to 

/O 0 \ /O c-c-w 0 

= 0 = 0 W z-^g-^(C-C-Wf 

\0 0 0 y \0 0 0 

The Weyl rescaling of the metric tensor is still given by (29). But (30) and (31) now expresses 
respectively the transformations of the Levi-Civita connection and of the Schouten tensor under 
Weyl rescaling. Equation (37) reduces to 

(39) 

and is the well known invariance of the Weyl tensor under Weyl rescaling. Finally, (38) gives 

(40) 

which is the transformation of the Cotton- York tensor under Weyl rescaling. 



13 









4 The dressing field and the BRS framework 

Since its inception in the mid 70’s by Becchi, Rouet and Stora in [20, 21], the BRS formalism 
has seeded considerable work, and has been generalized to a large class of theories and became 
a standard tool in the analysis of gauge field theories and their quantization. 

In the following, we give the minimal definition of the BRS algebra of a theory and show 
how the latter is modified through the dressing field method. Then we apply the construction 
to General Relativity (GR) and to the second order conformal structure. 

4.1 Residual BRS algebra 

Consider the bundle V{M,H) with a (local) connection A together with a section tp of any 
associated bundle. Given the f)-valued ghost u, the BRS algebra is, 

sA = —Dv, sF=[F, u], s'lp = and su = —^[u,u], 

with D = d + [uj, ], and F = dA+^[A, A], The commutator [a, /3] = a/l — (—is graded 
according to total degree which consists of the form and ghost degrees, p* is the representation 
of the Lie algebra f) on matter fields. The BRS operator, s, is nilpotent; = 0. 

This can be compactly rewritten under the elegant algebraic equation, the so-called “Russian 
formula” [23] (also named “horizontality condition” [29, 30]) 

{d + s){A + v) + ^[A + v,A +v] = F , (41) 

according to an expansion with respect to the ghost degree. The sum 4 -|- u is named the 
“algebraic connection” [31]. 

As a first basic result, one states: 

Lemma 1 (Modified BRS algebra). Let u : U ^ G' be a field as in section 2 on which the 
action of the gauge group is not specified yet. Let 

A := u~^Au + u~^du, F = u~^Fu, and := p{u~^)ip, 

be the corresponding composite fields. Then there is a modified BRS algebra: 

sA = —Dv, sF = [F,v], sf) = —pfiv)f), and si; = —^[u,u], (42) 

with new ghost given by 

V = u~^vu + u~^su. (43) 

This composite ghost is the central new variable. To the best of our knowledge, first appearances 
of such an object in specific examples can be found in [32, 7]. 

Proof. 

It is easily checked by expressing each variable of the initial BRS algebra as function of the 
composite variables and the dressing field. In the course of the checking, the explicit expression 
for the variation su is not required. □ 

Accordingly, we have the following 

Corollary 2. One can define a composite algebraic connection, 

A + v = u~^(A + v)u + u~^{d +s)u (44) 

which, by virtue of the above modified BRS algebra, satisfied the modified Russian formula, 

(d -I- s) (A -I- u) -I- ^ [A -I- u, A + v]=F. (45) 
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Three relevant possibilities. The modified BRS algebra of Lemma 1 can take various pre¬ 
sentations according to explicit expression of the composite ghost which is dictated by a given 
BRS transformation of the field u :hl ^ G'. In this respect, three cases will be considered. 

First case. Suppose u is subject to a gauge-like finite "H-transformation, that is u'^ = 
for 7 € Then its BRS transformation, mimicking infinitesimal gauge transformations with 
the ghost V as f)-valued parameter, is 

su = [u, u]. (46) 

This implies that the ghost is kept unchanged v = v and (42) reads 

sA = —Dv, sF=\F,v\, S'0 = —/9*(u)^, and su = —^[u,u]. (47) 

This is not a surprise since if u were a gauge element u € 77, the fields A, F and ^ would actually 

be the 77-gauge transformed of A, F and tp respectively, satisfying the same BRS algebra. 

Second case. Suppose that u is a dressing field for 77 that is u'^ = for 7 G 77. Then its 

BRS transformation is, 

su = —V u. (48) 

This implies that the composite ghost vanishes u = 0. The 77-symmetry is thus annihilated and 
the modified BRS algebra (42) reduces to the trivial algebra, 

sA = 0, sF = 0, and sfi = 0. (49) 

This expresses that A, F and are T-L-gauge invariants fields. In that case, it is stressed that 

the composite fields coming out from the dressing field method ought to be good candidates for 
being “observables”. 

Third case. Let 77' C 77 be a Lie subgroup with Lie algebra f)'. Suppose that u transforms 
according to u'^' = ^'~^u for 7' G 77'. For the time being, we left unspecified the transformation 

ifio for 7o G 77 \ 77'. Suppose we can find a Adn-invariant complement, p, to f)' in p, so that 

f) = ()' 0 p. The ghost splits according to u = Uf, = Uf,/ + Vp and accordingly the BRS operator 
splits too as s = Sf, = Sf,' + Sp with 

s — 0 '^7' — Sp — Sfj/ sp 0 Sp Sfj/ — 0 , 

su = -i[u,u] ^ SpiVpi = -\[vp',vp'], S(,/Up = -[ut,/,Up], SpUp = -i[Up,Up]. 

The BRS transformation of the dressing field is then, 

su = SpU = Sp'U 0 SpU = —Vp'U 0 SpU, (51) 

where Sp« is left unspecified. This implies for the composite ghost, 

V = U~^VpU 0 U~^SpU = U~^Vp'U 0 U~^VpU — U~^Vp'U 0 U~^SpU 
= u~^VpU + u~^SpU =\Vp, (52) 

showing that the whole 77' subsector has been neutralized. The composite ghost Vp encodes the 
residual gauge symmetry. Thus, the modified BRS algebra (42) reads 

sA = -Dvp, sF=[F,Vp], sfi = -p^,{vp)fi, and sFp =-^[Fp, Fp], (53) 

and gives the infinitesimal residual 77/77' gauge transformations of the composite fields A, F 
and This expresses the reduction of the BRS algebra we started with. 

These three cases cover pertinent types of erasure (none, total, partial) of gauge symmetry. 
Let us apply these mechanisms to GR, on the one hand, and to the second order conformal 
structure, on the other hand. 
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4.2 Application to the geometry of General Relativity 

The geometry underlying GR considered as a gauge theory, is a Cartan geometry {V, w), where 
= SO(Ai) is a principal bundle with H = SO{l,m — 1) the Lorentz group and 
w G is a (local) Cartan connection on Z// C At with values in q the Lie algebra of the 

Poincare group G = SO k M™. One has the matrix writing 


w = 






dx^, 


with A G Q}{U,b)) the Lorentz connection and 0 G the vielbein 1-form. The greek 

indices are spacetime indices, while latin indices are “internal” (gauge)-Minkowski indices. The 
curvature is 


n = dw + ^ [co, uj] = dw + 


(f Q\_(dA + A^ de + Ae\ 


with F the Riemann 2-form and 0 the torsion 2-form. In this matrix notation, the Lorentz 


ghost reads v = 


'VL 0^ 
, 0 0 , 


and the Lorentz BRS algebra is 


sw = —Dv, 
fsA _ f—DvL 

VO o; V 0 


sfi = [n, u], 
(sF se\^([F,VL] 

oy 1^0 


sv = — ^[u, u] = — 

-VL&\ (svL oV ^ f-vl e\ 

0 y’vo oj 1^0 oy 


Of course = 0. This matrix algebra handles the infinitesimal 50-gauge transformations of 
the variables of the theory. 


As proposed in [18] the dressing field is the vielbein, 
corresponding composite fields express as 

-)- e~^de 


w = u ^wu + u ^du = 


0 


where T is a linear connection compatible with the metric 

'dr + r2 


II = tt = Dw = dw + w^ = 


0 


= (o 1 j • ^ ^ G'L^(K). The 

_ (r dx\ 

0 y ■ VO 0 ) ’ 

defined by g = e^rje, and 

r-dx\ _ (r t\ 

0 y ■ VO 0 J ’ 


where R is the Riemann tensor and T is the torsion tensor. 

The key element of the modified BRS algebra is of course the composite ghost. To find its 
expression we only need to determine how the field u transforms under the action of the (initial) 
BRS operator. It is readily read from sw above; s6 = —vl9 —>■ se ■ dx = —vie ■ dx. Hence, 


su = —vu 


(se oV _ (—Vie oV 

1^0 oJ“l^ 0 oJ’ 


which is of course the defining BRS transformation of a dressing field. Therefore the composite 
ghost vanishes by 


v = u ^vu + u ^su = u ^vu + u ^{—vu) = 0, 
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and we have the trivial modified BRS algebra, 


sw 


sF sdx\ _ 

0 0 J 


sil 


0 0 y 


This expresses the invariance of the coordinate chart, and by construction the 50-gauge invari¬ 
ance of r, R and T. The composite fields tD and Q belong to the natural geometry of M. They 
are blind to the initial Lorentz gauge symmetry since the latter has been fully neutralized by 
the dressing field u. GR illustrates case two discussed above. Let us now turn to the following 
less trivial example. 


4.3 Application to the second order conformal structnre 


According to section 3.1, the structure group of the second order conformal structure 'P{M, H) 
is H = KqKi = {SO X \N) Ki. Turning the infinitesimal parameters {vL,€,t) into Faddeev- 
Popov ghosts for the Lie algebra co(l, m — 1) 0 M™* = so(l, m — 1) 0 M © M”^*, the matrix-wise 
ghost decomposes into symmetry sectors (L for Lorentz, W for Weyl and i for the inversions) as 

/e t 0 \ /O i 0\ /e 0 0\ 

u = 0 VL = 'To 0 'Wi = 0 "Ww = 0 vl d 0 0 0 0 , (54) 

yo 0 -ey yo 0 oy yo 0 -ey 

where the Lorentz ghost vl is identified with its matrix block representation. The BRS operation 
splits accordingly as 

s = So 0 'Si = Sw 0 Sx, 0 Sj , 

and fulfils (50). 

With the /Ci-dressing field ui ■. U ^ Ki, see (7), in addition to the composite fields 
wi = , 111 = , one constructs the first composite ghost 

Vl := = u^^vui 0 + vl + Vi)ui 0 u^^{sw 0 sx 0 Si)ui. 


Upon linearizing the finite transformations (7), (10) and (27), one obtains the following BRS 
variations of the dressing field ui 


SiUl = -ViUl, 

SLUi = [ui,Vl], 


SVJUl = 


(0 —eq 0 de • e ^ —eqq^ + de ■ e 
0 0 {—eq + de-e~^y 


(55) 


which illustrate the three cases discussed in section 4.1. The first composite ghost is then 

Vl = Ui^VvjUl 0 Ui^VLUl 0 U^^ViUl 0 U^^SvjUl 0 [ui,Vl] - U^^ViUl 
= Ui^VvjUi 0 0 VL 


/e de-e ^ ® \ 

= 0 Vl {de-e~^Y . (56) 

VO 0 ) 

In the course of the computation, the ghost Vi for the inversion sector has been killed by the 
dressing ui so that the subalgebra corresponding to Si is now trivial, 

SiUJi = 0 and Sjlli = 0, (57) 

and expresses the expected /Ci-invariance of the composite fields wi and fli. Thanks to the 
dressing ui, the BRS operator s = sq 0 Si = s\/\/ + sl + Si reduces to sq = svj + sl, and the 
Lorentz subalgebra is kept unchanged, 

SLVUi = -Divl and sx^i = [lli,ux], 
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where Di = d+ [wi, ] is the covariant derivative with respect to zui. This means that zui and 
still behaves as connection and curvature under the Lorentz gauge group SO, as warranted 
by slUi in (55). This is a hint, according to the example of GR treated in section 4.2, that a 
new dressing operation to neutralize the Lorentz symmetry can be performed. 


Second reduction and final BRS algebra. With the dressing uq : U ^ GLm+ 2 {'^) ^ 
SO{l,m — 1) given by (13), beside the composite fields wq := ■07“° and flo := ^1° respectively 
given by (15) and (18), one construct the second composite ghost 

Vq = Uq^ViUq + Uq 

= Uq + ttg + Uq^SlUq. 

The BRS transformations of uq under svv and sl are respectively obtained by linearizing 
(25) and Uq (13): 

/o 0 o\ /o 0 o\ /l 0 o\ 

s\nUq = euQ —7- 0 swe 0 = 0 e 0 0 e 0 and slUq = —vlUq (58) 

yo 0 0 ) yo 0 oy yo 0 ly 

The final composite ghost is then, 

UO = Uq^{u{^V\nUi + S\JMUi)uo + Uq^VlUq + Uq^CUo +rto ^( - VlUq), 

= ttg S\J\IUi)uq + eug ^uo, 

/l 0 o\ /e de-e-i 0 \ /l 0 0\ /o 0 0\ 

= 06-^ 0 0 0 7?-i(e-i)^-de 0 e 0 + 0 e5 0 , 

yo 0 ly yo o -e y yo o ly yo o oy 

fe de 0 \ 

= 0 e5 g~^de =: uw- (59) 

yo 0 

Comparison with the first composite ghost (56) shows that the ghost vl has been killed by the 
second dressing uq, and the Lorentz subsymmetry corresponding to is now trivial, 

slWq = 0 and s^Qq = 0. (60) 

Furthermore the dressing uq satisfies the compatibility condition SiUg = 0, which is the infinites¬ 
imal version of (14), so that we also have 

Situo = 0 and Siflg = 0. (61) 


The triviality of these two subalgebras expresses the /Ci- and iSO-invariance of the composite 
fields t77g and Qq- Their infinitesimal residual Weyl gauge transformations are given by the final 
reduced BRS algebra, with = 0, 

s\nWo =—Dqv\n, swllo = [^0; , and s\nv\n =—v^, (62) 

with a final composite ghost Fw depending only on the Weyl ghost e and its first order derivatives. 
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Two steps in one. Mirroring the finite version given in section 3.2, we can reduce the inital 
BRS algebra with s = sw + •sl + Si to the final residual BRS algebra with sw in a single step 
thanks to the dressing field u = uiUq : U ^ Ki GLm+ 2 {'^)- The corresponding composite ghost 
reads, 

V = u~^vu + u~^su = + vl + Vi)u + u~^(sw + sl + Si)u 

One collects the BRS variations of the two dressing fields ui and uq 

SiUi = -ViUi, slUq = -vlUq, and slUi = [ui,vl], SiUo = 0, 

the last two being compatibility conditions,"^ and proves (sl + Si)u = —{vl + Vi)u. This means 
that ii is a dressing under the subgroup SOICi. Hence, the composite ghost reduces to (59) 
since 

V = U~^V\/\JU + U~^ S\/\JU = VVJ. 


We see right away that vl and Vi have been killed by the dressing u so that the corresponding 
subalgebras are trivial, 

SiWo = 0 and SjHo = 0; sl^o = 0 and slHq = 0. 


The triviality of these two subalgebras means that the composite fields wq and Hq display only 
a residual Weyl gauge freedom handled by the residual Weyl BRS algebra given by (62). 

To sum up, one has a dressing field 


d 

9 

hA 

A 

0 

o\ 

u := uiUq = 0 

1 


0 

e 

0 

VO 

0 

1 

VO 

0 

ly 


(63) 


with ui defined hy a — qO = 0 a gauge fixing like condition depending locally on entries of the 
gauge field w. Upon writing 

/O —i 0 \ /O de-e~^ —eqq^ \ 

suu~^ = 0 —Vl —i* + 0 {de-e~^Y — 2eq^ =: —i + QU~^ 

yo 0 0 y yo 0 o ) 


the BRS variation reads su = —£u + g, with g = swit, see (51). The hrst ghost matrix —i = 
—Vl — Vi in the r.h.s. cancels out both the /Ci and Lorentz SO{l,m — 1) actions according to 


v = u ^vu + u ^su = u ^{£ + v\/\j)u + u ^{—£u + g) = u ^v\/\ju + u ^g = vvj 
as a realisation of formula (52). 


The residual Weyl BRS algebra: explicit results. We restrict ourselves to the normal 
Cartan geometry. Let us recall (see (21) and (22)) 


(op 0 \ 

= dx r g-^-P^ , 

y 0 dx^-g 0 j 


(O C 0 \ 

and Ho := = 0 W g-^-C^ 

yo 0 0 J 


^See [19] for a general treatment in the BRS case. 
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The residual BRS algebra given by (62) is straightforwardly computed thanks to the matrix 
form. The infinitesimal residual Weyl gauge transformation of the dressed normal conformal 
Cartan connection is, 

Svv^o = —dv\j\; — WoV\j\; — VwTUq 

f—de —d{de) 0 \ ^ T’-Cfi 

= 0 —deS —d{g~^-de) — dxe dxde + Te5 

y 0 0 de y y 0 dx'^-ged 

dedx eP + cleT 

eddx eST + g~^dedx 
0 —edx"^-g 

Reminding that e anticommutes with forms of odd degree, that d = dx-d and using the metricity 
condition = dg~^ + + T^i = 0 in the computation of entry (2, 3), we obtain 



Pg ^de 

Fg-^de- g-^P'^e 
dx'^-g g~^de 

deg~^P^ \ 
^■g e5g-^-P^y 


/ 0 Sy^jP 

Syydx S\/\jF 
y 0 Syy{g-dx) 


0 \ 


/o -Vde 0 

0 —deS — dxde — g~^dedx'^-g —g~^ • (V9e)^ — 2eg~^-P"'" 
yO 2edx'^-g 0 

where, V9e = d{de) + 9eT, is the covariant derivative. Let us detail each entry in components. 
Entry (2,1) is syjdx^ = 0 and expresses the invariance of the coordinate chart. This will be of 
constant use for the other entries. Entry (3, 2) is then, 



Sys/Qni' = (64) 

which gives the infinitesimal Weyl rescaling of the metric tensor, see (29). Entry (2, 2) reads in 
components, 

= dPyd^e + dP^dyC + gP^dxcg^y, (65) 


which is the infinitesimal Weyl transformation of the Christoffel symbols, of the Levi-Civita 
connection. Entry (1, 2) is, 

svjPfiu = d^{du€) - dxeV^^i, = Vf,{du€), ( 66 ) 

which is the infinitesimal Weyl transformation of the Schouten tensor. Einally entry (2, 3) is, 

s^N{g^^Px^.) = -2egP^Px^, + (^^.(SAe) - F^x^d ^^. (67) 


This is redundant with (64) and (66). 

Comparing with the finite transformations given in section 3.3 we see that the residual BRS 
algebra gives very easily the complete infinitesimal counterpart. Except for the Schouten tensor 
because the latter has a finite transformation which contains terms of order two in the Weyl 
parameter e. These terms are of course out of reach for the linear approximation captured by 
the BRS machinery. 

The infinitesimal Weyl gauge transformation of the dressed normal curvarture is given by 
swf^o = — vmsiFLq. Remembering this time that e commutes with even forms and using 

Wg~^ = —g~^W'^ (due to the 77-skew symmetry of Fi), we obtain 


r 

SyyC 

0 \ 

r 

-de-W 

0 \ 

0 

S^NW Syy{g-PC^) 

= 0 

0 

-g-^-W^-de^ -2eg-^-C^ 

\o 

0 

0 / 

\0 

0 

0 / 
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Using again the fact that syjdx^ = 0 we can write the entries in components. Entry (1, 2) gives, 

swCu,iia = —dxeW^i^^na, ( 68 ) 

which is the infinitesimal transformation of the Cotton tensor under Weyl rescaling. Entry (2, 
2) gives 


= 0, (69) 

which states the invariance of the Weyl tensor under Weyl rescaling. Finally, entry (2, 3) is 

s^N {9^^Cx,^a) = -2egP^Cx,^,a - g^''Wx%„d^e. (70) 

This is redudant with (68) and (64). Once more, it should be pointed out how easily the modi¬ 
fied BRS algebra provides the complete infinitesimal counterparts of the finite transformations 
derived in section 3.3. 

At last, the identity satisfied by the final composite ghost is, 

/swe s\i\i{de) 0 \ /o 0 ^ \ 

s\nv = -Vw 0 Sw(fl'“^5e) = 0 0 -2€g~^de\ , (71) 

\ 0 0 -swe y \0 0 0 J 

by recalling that e anticommutes with itself (the same holds for de). This just gives back the 
Weyl rescaling of the (inverse) metric = —‘^^g~^ which is redundant with (64), but also 

swe = 0, (72) 

which expresses the fact that the residual Weyl gauge group is abelian. 

As a byproduct of this section, let us consider the composite algebraic connection introduced 
in Corollary 2. It reads, 


/ e P + de 0 \ 

'Wo + v\xj=\dx T-l-ed g~^-{P + deY \ . (73) 

y 0 dx'^-g —€ J 

Structurally, the algebraic connection is expressed as combinations between the metric g and 
the Weyl ghost e together with their derivatives. In [33] these combinations have been obtained 
through a completely different approach and turn out to be relevant for the algebraic study of 
the Weyl anomaly. Noteworthy, let us recall that in the present paper, we were able to use 
the well-tested BRS setting [23, 34] on the normal conformal Cartan connection, and we have 
subsequently modified the differential algebra by the dressing field method. The route followed is 
rather robust and gives a clear well-grounded geometrical picture from which these combinations 
naturally emerge. 
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5 Conclusion 


In this paper, with a clear geometric view, we exhibited an example that extends the dressing field 
method given in [18] to the second order conformal structure for which two dressing operations 
have been performed. Their composition was secured by the fact that the two dressing fields 
fulfilled compatibility conditions regarding their transformation laws with respect to various 
symmetry sectors. The scheme can be generalized to any number of dressing fields, for instance 
to higher order G-structures [19]. 

In this example, treated in the very useful matrix notation, the final composite fields give 
the Riemannian parametrization of the normal conformal Cartan connection together with its 
curvature. The remaining symmetry has been shown to be the Weyl rescalings. The residual 
transformation of the composite fields provides at once well-known conformal transformations 
of noticeable tensors in conformal geometry of A4, namely, the (pseudo-Riemannian) metric, the 
Schouten, Cotton and Weyl tensors and the Christoffel symbols of the Levi-Civita connection. 
This is summarized in Table 1. In short, the dressing scheme provides gauge like transformation 
recombinations of the fields which amount to eliminating spurious degrees of freedom to the 
benefit of geometrical objects together with their properties under the Weyl symmetry. 

Finally, the BRS counterpart of the dressing field method has been exhibited. Its central 
object is the composite ghost which seems to correspond to a “field dependent change of the 
generators” of the differential algebra [35] and encodes the residual gauge symmetry of the com¬ 
posite field, if any. Applied to the second order conformal structure, the composite algebraic 
connection (composite field -|- composite ghost) is shown to give a structural geometric interpre¬ 
tation of the cohomological results obtained in [33] regarding the Weyl symmetry. Morevover 
the corresponding modified BRS algrebra provides in a very effective manner the linearized ver¬ 
sion of the residual gauge symmetry of Weyl rescalings derived in the firts part of the paper. 
A parallel can be made with the electroweak part of the standard model [26, 18]. The erased 
subgroup, SU{2) is the mirror of the Lorentz and special conformal transformations, while for 
the abelian residual gauge symmetry, U (1) falls together with the Weyl dilations. 

All the computations were performed at the classical level and were governed by geometrical 
considerations. It deserves to see how all the process goes through the quantization, in particular 
the question of the quantum version of the composite fields and how to manage the erasure of 
gauge sub-symmetries. 

Furthermore, one could push further ahead the use of the BRS techniques by combining 
together conformal gauge transformations and diffeomorphisms (of M). This raises the question 
of the compatibility with the dressing field method in order to reduce the whole mixed symmetry 
to the DiffKWeyl symmetry. This issue will be addressed elsewhere [36] in a companion paper. 
Moreover, the BRS differential algebra stemming from the second order conformal structure 
combined with the dressing method seems to offer an appropriate geometrical framework to 
tackle the Weyl anomalies with a standpoint grounded on the well-tested BRS approach. This 
matter is still under investigation. 
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A Appendix 


For the sake of completeness, this appendix concerns the Weyl transformations (both finite and 
BRS versions) on the first composite fields w\ and fli obtained in (8) and (9) respectively. 

Their finite transformations are computed similarly to (23) upon using given in (27). A 
straightforward matrix computation yields, on the one hand, 

= = {kiW)-^mi{kiW) + {kiW)-^d{kiW) (74) 


0 af 
0 0^^ 


/O z ^{ai + D{C,-e ^) - {(-e ^)6{C-e ^) + i(C-e ^)(C'e 0 

= \ze Ai + 9{C-e-^) - iC-e-ye^ * 

I 0 zO^ 0 


where D{C ■ e~^) = d{C- e~^) — (C •e“^)Ai is the covariant derivative with respect to the spin 
connection Aj, where we have set C, = z~^dz as in the main text, and where * = (entry(l, 2))*. 
On the other hand, 

/fW nf 0 \ 

nf := Of Ff = {n^)< = (f^f = {kiwy^nikiw (75) 

V 0 ©r -/f; 

//i-(C-e-f0 z-i(ni-(C-e-i)(Fi-/i)-(C-e-f0(C-e-f + i(C-e-i)(C-e-f*0*) 0\ 

ze Fi+0(C-e-f-(C-e-f*0* * 

y 0 z0* *) 

where entry (2,3) = (entry (1,2))* and entry (3,3) = — entry (1,1). 

In the normal case, see (12), formula (74) remains formally unchanged but ai becomes the 
Schouten 1-form, and the Weyl variation (75) reduces to (see (9)) 


/o nf 
Ilf = 0 Ff 

VO 0 


- 


= 0 


0 z-i(ni-(C-e-i)Fi) 


(entry(l,2))* 

0 


with Hi = dai + aiAi is the Cotton 2-form, and Fi = dAi + A{ + 6ai — {OaiY is the Weyl 
2-form. 

Let us now turn to the corresponding BRS setting. It comes from the modification of the 
initial BRS algebra by the dressing field ui. The matrix avatar of the Weyl ghost e is given by 
setting ul = 0 in the ghost (56) and we keep the same notation vi. For the composite field zui, 
one has thus 

= —dv\ — viWi — wiVi 


0 swai 0 \ / 0 

SwQ Sy/Ai swoY ~ 

0 swO^ 0 / yo 


—d{de-e ^) — {de-e ^)Ai—eai 
—6{de-e~^) — ((9e-e“^)*0* 

60* 


where * = (entry (1,2))*. For its curvature fli 


svyhli = hliui — uiHi 

0 sw'Ai 0 \ /q _gni - (5e-e-f Fi 0 

0 su/Fi sw^\ ~ I 0 0 * 



where * = (entry (1,2))*. 

These are the Weyl transformations of the normal conformal Cartan connection in the inter¬ 
nal Minkowski indices before the second dressing by uq. As seen in the main text, the dressing 
field Uq allows to switch to spacetime (greek) indices. 
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